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Recap from last time...



K-Means

Initialize k centers by picking k-means++ algorithm for initialization:
k points randomly among all 1. Chose one center uniformly at
the points .
. random among all the points
Repeat till convergence (or _
max iterations) 2. For each point X, compute D(X),
the distance between x and the
Assign each point to nearest center that has already
the nearest center been chosen

assighment ste i
(assig P) 3. Chose one new data point at

Estimate the mean of random as a new center, using a

each group (update weighted probability distribution
step) where a point X is chosen with a
. probability proportional to D(X)?
. 2 4. Repeat Steps 2 and 3 until k
arg mSm Z Z |1 — gl centers have been chosen

1=1 x€S;

https://www.csee.umbc.edu/courses/graduate/678/springl18/kmeans/



https://www.csee.umbc.edu/courses/graduate/678/spring18/kmeans/

Clustering Evaluation

(Classification:
accuracy, recall, (@)
precision, F-score)

Greedy mapping: A
one-to-one

Optimistic mapping:

homogeneity

many-to-one 1, H(K,C)=0
= H(C|K)
1-— HE) o/w
Rigorous/information A completeness
theoretic: V-measure L HEK.C) =0

H(K|C)
HQOO)

o/w




Hierarchical clustering

Agglomerative clustering:

Agglomerative: a “bottom . -
First merge very similar

up” approach where instances
elements start as individual Incrementally build larger
clusters and clusters are C:USEEFS out of smaller
ciusters
merged as one moves up .
. h Algorithm:
the hierarc y Maintain a set of clusters
Initially, each instance in its
e ” own cluster
Divisive: a “top down Repeat:
approach where elements Pick the two “closest”
start as a single cluster and Clusters
. Merge them into a new
clusters are split as one cluster
moves down the hierarchy Stop when there’s only one

cluster left
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K-Nearest neighbor predictor

Fruit data
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Take majority
vote among the k
nearest neighbors
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Feature mapping

9 R’ > R°®

(X1’x2)'_> (21,22,23)= (xf'\/;x1x2’x§)

X, " z, ®
X x
% b3
% % %
" . X X
- §~\\
’ ® . =
! ® ®
[} 1
‘\ o @ l' X,
‘ ’% b
~ 0 "o” x
b3 T O % %1
% %
Xl x x
%
% %

Learn non-linear classifiers by mapping features



Quadratic feature map

o(x) =[1,V2z1,V2zs,...,V2zp,

2
T1,122,T1X3...,T1T P,
X = [21,%2,...,Tp] C—» X
L2, Lo, LILZ -..,T2T D,
e
2
TpT1,TpT2, TDT3...,TD)

Contains all single and pairwise terms



Quadratic kernel

The dot product between feature maps of x and z is:

qf)(x)Tqb(z) =14 2x121 + 2x229,...,2Cp2p + :c?zf + x1ZT02122 + ...+ T1Zp212D + . ..

2 .2
... T+TZpT12Zp21 + Tpx2zZpz2 + ...+ Tp2p

=1+2 (Z :czzz) + Z TiTj2i2j
? 2V
=1+2(x"z) + (x"z)?
— (1 =+ xTz)2
= K(x,z) « quadratic kernel

Compute d(x)"d(z) in almost the same time as needed to compute x'z (one
extra addition and multiplication)

We will rewrite various algorithms using only dot products (or kernel
evaluations), and not explicit features



Feature mapping

K(x,2) = (z'2)*

n n

K(z,2) = (Z xz) (Z iz

i=1 j=1

n

n
= E E il jzizs

=1 j5=1

) b() =

11
L1122
13
Lol
L2
23
L3L1
L3L2
L33




Feature mapping

X1X1
2
K(x,z) = (xTz + ¢)? (xlx—

i—1 .
= Z x?z? + 2 Z z XiX;Z;Z; + z 2cx;z; + c? Pd(x) = NCT:
T i

i




Drawbacks of feature mapping

Computational

Suppose training time is linear in feature dimension, quadratic feature
map squares the training time

Memory

Quadratic feature map squares the memory required to store the
training data

Statistical
Quadratic feature mapping squares the number of parameters
For now lets assume that regularization will deal with overfitting



Perceptron revisited

Input: training data (x1,y1), (X2,¥2), - - - (Xn, Yn)
feature map ¢

Initialize w < [0,...,0]
foriter=1,....T
fori=1,..,n
predict according to the current model
N +1 if WTqb(X»,;) > 0 \
Ji { —1 otherwise dependence on ¢
if Y = Ui no change

olse, W W + 1 B(x;) Obtained by

replacing x by

¢(x)



Properties of the weight vector

Linear algebra recap:
Let U be set of vectors in R?, i.e., U ={uyuz, .., un}and ui € RP

Span(U)is the set of all vectors that can be represented as $;a;u;, such that
a; €ER | uxv

Null(U) is everything that is left i.e., R° \ Span(U)

/

Perceptron representer theorem: During the run of the perceptron
training algorithm, the weight vector w is always in the span of ¢(x1),

¢(X1), ..., P(XD)

W — ZZ a; d(X;) updates o < @  + Y;

wlg(z) = (3, cid(x:))" d(z) = 3, cid(x:)T p(2)



Perceptron Representer Theorem

Perceptron representer theorem: During the run of the perceptron
training algorithm, the weight vector w is always in the span of ¢(x1),

P(X1), ..., P(XD)

W — Zz a; d(X;) updates o < @  + Y;

wlo(z) = (3, cid(x:))" d(z) = 3, cid(x:)T ()

Why? Weights are always computed from the training instance representations
Example 2: Incorrect 2 w += y,¢p(x,)
Example 3: Correct 2 w += 0 * y3¢(x3)
Example 4: Incorrect 2 w += y,(x,)



Kernelized perceptron

Input: training data (x1,41), (X2,%2), - - -, (Xns Yn)
feature map ¢
Kernelized perceptron training algorithm

Initialize a < [0,0,...,0]
foriter=1,....T
fori=1,..,n
predict according to the current model

n { +1 if Zn an¢(xn)T¢(xi) >0

Yi = —1 otherwise

if 4; = ¥;, no change
else, a; = a; + Yy;

d(x)Tp(z) = (1 +x1z)P polynovmial kernel of degree p



Kernelized perceptron

Input: training data (x1, y1), (X2,%2), - - -, (Xn, Yn)
feature map ¢
Kernelized perceptron training algorithm

Initialize @ < [0,0,...,0]
foriter=1,...,T
fori=1,..,n
predict according to the current model

N { +1 if Zn an¢(xn)T¢(xi) >0

=91 1 otherwise

Upshot: Feature expansion for

if 4; = ¥;, no change “free”
else, a; = a; + Vy;

d(x)Tp(z) = (1 +x1z)P polynovmial kernel of degree p



Kernel k-means

Repeat till convergence (or max iterations)

1. Assign each point to the nearest arg mln S‘ 5‘ ||¢ ,Uz'||2

center (assignment step)

1=1 XES;
2. Estimate the mean of each group
(update step)
1
Representer theorem is easy in (2) i |S| Z qb(x)
‘I xes,

What about (1)? How to compute
using dot products Hﬁb(x) — M4



Kernel k-means

2
Zp = arg mkin | ‘¢(x,,) — y(k)H definition of z,,

definition of ™

(P(xn) — Z “S?‘P(xm)

= arg rnkin
m

2

—argm1n||4>(x,, 1> + Zamcp (xm)

m m

+ ¢ (xy) - [Zafﬁ)cp Xm ] expand quadratic term

= arg mmZZa, &Y (xm) - p(x,) + Yl p(xm) - p(xn) + const linearity and constant

m m' m

CIML, Ch 11



Kernel Definition

A kernel is a mapping K: XxX >R

Functions that can be written as

dot products are valid kernels

K(x,2) = ¢(x)" ¢(2)

Examples: polynomial kernel

K(dpoly) (X, Z) — (1 + xTz)d



Kernel Definition

A kernel is a mapping K: XxX >R

Functions that can be written as

dot products are valid kernels

K(x,2) = ¢(x)" ¢(2)

Examples: polynomial kernel

Mercer’s Conditions: A function K: X xX
—>Ris a kernel if K is positive semi-
definite (psd)

[ £e%ax < o0

This means that f9/a|l functions f that
are squared integrable except the zero
function, the following property holds:

K(dpoly) (x,2) = (1 +xTz)? //f(x)K(x, z)f(z)dzdx > 0



Why is this characterization useful?

We can prove some properties about kernels that are otherwise hard to prove

Theorem: If K1 and K2 are kernels, then K1+ K2is also a kernel

Proof: //f z)dzdx = //f ) (K1(x,2) + K2 (x,2)) f(z)dzdx
://fol (x,2) zdzdx—l—//f(x)Kz(X,z)f(z)dzdx
>0+40

More generally if K1, K2,..., Knare kernels then ;aiKi with ai > 0, is also a kernel
Can build new kernels by linearly combining existing kernels



Kernels in practice

T &R ST

& 7§57 ¢

A (790

!:eature map|c]>cingvia kernels often 71 90
improves performance

MNIST digits test error: 1 6 I & /

8.4% SVM linear 759 £ 6

1.4% SVM RBF <2< L o

1.1% SVM polynomial (d=4) 0asd fo

O | &« b

£ L8 q

http://vann.lecun.com/exdb/mnist/

OSSN UV o~ N

S QO N~ pWw o

03 N % & — )] o» of £ o

R QLo wd NS
NOI OO Ky V) —



Kernels over general structures

Kernels can be defined over any pair of inputs such as strings, trees and graphs!

_ number of common
K D N W \l ) D N \ 1 Su b tre e S

http://en.wikipedia.org/wiki/Tree kernel

For strings number of common substrings is a kernel

Graph kernels that measure graph similarity (e.g. number of common
subgraphs) have been used to predict toxicity of chemical structures



Evaluation time

Kernel classifiers tradeoffs

Accuracy

Linear: O (feature dimension)
Non Linear: O (N X feature dimension)
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Picking a good hyperplane

Without other information,

) which hyperplane would you
pick?
L @
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Picking a good hyperplane

Without other information,
) which would you
pick?



Support Vector Machines (SVMs)

Maximize the distance to the nearest point (margin),
while correctly classifying all the points




Optimization for SVMs

Separable case: hard margin SVM

o1
min

w (W)

maximize margin

subject to: anTXn > 1,Vn separate by a non-trivial margin



Separable SVM Optimization

, 1
min \
w 5(W) \
subject to: y,w!x, > 1,‘v"n,\\
\ N ®
N \
N \
N O
A o

® a\ / \

@ N \

AN N
\ W/\
. \
o o(w) N
\
o
\
\
\



Support Vector Machines (SVMs)

\ @

What if the data aren’t
separable?




Optimization for SVMs

Separable case: hard margin SVM

1
min

w o(w)

maximize margin

subject to: anTXn > 1,Vn separate by a non-trivial margin

Non-separable case: soft margin SVM

mm 1 C’an

maximize margin m|n|m|ze slack
T

subject to: y,w x,, > 1 —¢&,,Vn allow some slack

&n 2 0



Maximizing Margin = Minimizing horm

* Hyperplane will lie
halfway between
closest positive and
negative points

1
S(w) = E(d+ —d7)
@




Maximizing Margin = Minimizing horm

\ @ * Hyperplane will lie
halfway between
closest positive and
negative points

1
S(w) = E(d+ —d7)

* Weights w must be
unit normalized




Maximizing Margin = Minimizing horm




Equivalent optimization for SVMs

Separable case: hard margin SVM

1

min — | |W| |2 lsquaring and half for convenience
w2
maximize margin

subject to: anTXn > 1,Vn separate by a non-trivial margin

Non-separable case: soft margin SVM

o1
min > ||w|[*+C ) &

w2
maximize margin minimizg slack
T

subject to: y,w x,, > 1 —¢&,,Vn allow some slack

&n 2 0



Slack variables

.1 .
min §||W||2 + C Z n soft margin SVM

subject to: y,wlx, >1—¢§,,Vn

&n 20

Given weights + bias, can you derive the optimal slack for the nt" example?



Slack variables

.1 .
min ~||w]||* + C Z n soft margin SVM
w2
mn
subject to: y,wlx, >1—¢§,,Vn
£n >0
Given weights + bias, can you derive the optimal slack for the nt" example?
YW X, =08,E,=7

yanxn = 2-5,671, =7



Slack variables

.1 .
min ~||w]||* + C Z n soft margin SVM
w2
mn
subject to: y,wlx, >1—¢§,,Vn
£n >0

Given weights + bias, can you derive the optimal slack for the nt" example?

YWl X, =08&En=7 0.2

yanxn =-1,8n=? 2.0

YW Xy =25En=2 0



Slack variables

.1 .
min ~||w]||* + C Z n soft margin SVM
w2
mn
subject to: y,wlx, >1—¢§,,Vn
£n >0
Given weights + bias, can you derive the optimal slack for the nt" example?
Ty _ _
W Ixn086s7 02 (g T, > 1
YnW Xp=-1,6n=: 2.0 i 1 —y,wlix, otherwise

YW Xy =25En=2 0



Slack variables

.1 .
min ~||w]||* + C Z n soft margin SVM
w2
mn
subject to: y,wlx, >1—¢§,,Vn
£n >0
Given weights + bias, can you derive the optimal slack for the nt" example?
Ty, _ _
anTxn— 0.8,&n="? 0.2 £ — 0 YWix, >1
YnW™ Xp =-1, En =2 2.0 "] 1—-y,wlix, otherwise

YW Xp=258n=2 0 |

:

1
m“i,n §||W||2 +C zn: max(0,1 — y,w’!x,)

Same as hinge loss with squared norm regularization!



Slack variables

1 .
min _|[w]| +C Y &, soft margin SVM

subject to: y,wix, >1—¢§,,Vn

&n 2 0

1
m“i,n §||W||2 +C Zn: max(0,1 — y,w’ x,,)

Same as hinge loss with squared norm regularization!



Support vectors




Support vectors




Optimization for linear models

Under suitable conditions™®, provided you pick the step sizes
appropriately, the convergence rate of gradient descent is O(1/N)

i.e., if you want a solution within 0.001 of the optimal you have to run
the gradient descent for N=1000 iterations.

For linear models (hinge/logistic/exponential loss) and squared-norm
regularization there are off-the-shelf solvers that are fast in practice:
SVMPert LIBLINEAR, PEGASOS

SVMPe LIBLINEAR use a different optimization method

7 3 PR LT, . 1 :
* the function is strongly convex:  f(y) = f(2)+ Vf(z)" (y — z) + glly — z||3
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Reprise from earlier in the semester:
Convex surrogate loss functions

Surrogate loss: replace Zero/one loss by a smooth function

Easier to optimize if the surrogate loss is convex

— Zero/ohe
—Hinge
—— Logistic

—— Squared

Exponential -

/|Exponential:

Squared:



Gradient of Hinge Loss?

y=wlx
£(y,9) = max{0,1 — yw’x}
not

differentiable
at z=1



Subgradient of Hinge Los

y=wlx
£(y,9) = max{0,1 — yw’x}

not
differentiable
at z=1

subgradient

Subgradient is any direction that is below the function



Subgradient of Hinge Los

y=wlx
£(y,9) = max{0,1 — yw’x}

not
differentiable
at z=1

subgradient

Subgradient is any direction that is below the function
For the hinge loss a possible subgradient is:
gehinge 0 if ywlx > 1
dw { —YX otherwise




Example: Hinge loss

A o
L(w) = Z max(0,1 — y,w’ x,) + §||w||2 objective



Example: Hinge loss

A o
L(w) = Z max(0,1 — y,w’ x,) + §||w||2 objective

dl .
— = Z —1[y,wlx, < 1]ynxn + Aw  subgradient

dw -



Example: Hinge loss

A o
L(w) = Z max(0,1 — y,w’ x,) + §||w||2 objective

dLl -
—— = Z —1[y,wlx, < 1]ynxn + Aw  subgradient

n

W W—7 (Z —l[anTxn < 1|ynxn + )\W) update
mn



Example: Hinge loss

A o
ZmaxO 1 — y,w xn) §||w||2 objective

dl .
— = Z —1[y,wlx, < 1]ynxn + Aw  subgradient

dw -

W W—7 (Z —l[anTxn < 1|ynxn + )\W) update
mn

W <— W + NY,Xn,
I w4 (1 —n)w

only for points vy, w’x,, <1
shrinks weights towards zero
perceptron update yanxn <0
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Lagrange multipliers

Assume an original optimization problem

min 2
€T

st. x>0b



Lagrange multipliers

Assume an original optimization problem

min 2
€T

st. x>0b

We convert it to a new optimization problem:

minmax L(x, )
X «

st. a>0
L(z,a) =2* — oz — b)



Lagrange multipliers: an equivalent problem?

: 2 minmax L(zx, )
min = T o

g :> st. >0
st. x>0b

— L(z,a) =2* — a(x — b)

r<b = (r—b<0 = max—alx—>)=inf

(67



Lagrange multipliers: an equivalent problem?

in 2 min max L(z,a)

B :> st. a>0

— L(z,a) =2* — a(x — b)

r<b = (r—b<0 = max—alx—>)=inf

(87

r>b = (r—b)>0 = max—alr—>0)=0a=0 = L(z,a)=a"

(8



Lagrange multipliers: an equivalent problem?

in 2 min max L(z,a)

B :> st. a>0

— L(z,a) =2* — a(x — b)

r<b = (r—b<0 = max—alx—>)=inf

(67

r>b = (r—b>0 = max—alz—0)=0a=0 = Lx,a) ==x

(8

2

r=b = (r—-b=0 = a«a=anything = L(z,a)=a2a2"
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Dual formulation for SVM

SVM problem: min

2
C
w,b,¢ ZHWH " ;én

subj. to vy, (w-x,+b) >1—¢,
én =0



Dual formulation for SVM

SVM problem:

min 3 Sl +CZ§n

subj. to y, (w-x, +b) >1-2¢,
¢n =0

With Lagrange multipliers:

L(w,b,8,0,B) = 5 || +C Y6 — Yt

_;“Tl[yn(w'xn‘l‘b)_l‘l'gn]



Dual formulation for SVM

SVM problem:

min leHZ—I—CZC

w,b,{,‘ 2 n !

subj. to y, (w-x, +b) >1-2¢,
& > 0

With Lagrange multipliers:

min maxmax L(w, b, ¢, «,
w,b,& «>0 B>0 ( ¢ e B)

L(w,b,8,0,B) = 5 || +C Y6 — Yt

_;“Tl[yn(w'xn‘l‘b)_l‘l'gn]



Dual formulation for SVM

minmaxmax L (w, b, &, «
wbhE a>0 B>0 (w, 0,6, B)

L(w b & aB) = 5 [[wl +C Y6~ Ll
_Z“n Yn (w - xy +b) — 1+ &y

1. minimize wrt. w:

VZU’C = W — Zanynxn — O < w = Z“nynxn
n n

Is this form familiar?



Dual formulation for SVM

min maxmax L(w, b, ¢, x
wbE >0 B>0 (w,b,&, e p)

L(w,b,§ a B)= % "w“2+CZ§n — ) Buln

Z“n Yn (w - xy +b) — 1+ &y
2. substitute w:

2
Z(memxm + CZ - Z,Bngn

g

L(b g0 B) =

'xn+b> — 14 ¢y




Dual formulation for SVM

min maxmax L(w, b, ¢, x
wbE >0 B>0 (w,b,&, e p)

L(w,b,§ a B)= % "w“2+CZ§n — ) Buln

Z“n Yn (w - xy +b) — 1+ &y
2. substitute w:

L(b g0 B) =

2
+C Y g — Y Bubn

Z XmYmXm
m

'xn+b> — 14 ¢y

(feature) expand - Z“n [yn ([Z XmYmXm
this out further " "



Dual formulation for SVM

minmaxmax L (w, b, &, «
wbhE a>0 B>0 (w,b,6,,B)

L(w,b, ¢, B)= % |w||? +C) Cn—)_ Bnlu

_Z“n [yn (w'xn+b) —1‘|‘gn]
3. minimize wrt b:

oL
— = — ) &uyy, =0
ab ;7’11’1



Dual formulation for SVM

minmaxmax L (w, b, &, «
wbhE a>0 B>0 (w,b,6,,B)

L(w,b, ¢, B)= % |w||? +C) Cn—)_ Bnlu

_;“n[yn(w'xn+b)—1+§n]

3. minimize wrt b: \

at optima, this
oL g

= — o — 0 term is zero
ob ; nn (eliminated)



Dual formulation for SVM

minmaxmax L (w, b, &, «
wbhE a>0 B>0 (w,b,6,,B)

L(w b & aB) = 5 [[wl +C Y6~ Ll
_Z“n [yn (w'xn+b) —1‘|‘gn]
4. minimize wrt &,,:

oL
dCn

:C_an_OCn < C_an:“n



Dual formulation for SVM

minmaxmax L (w, b, &, «
wbhE a>0 B>0 (w, 0,6, B)

L(w,b, ¢, B)= % |w||? +C) Cn—)_ Bnlu

_Z“n [yn(w'xn+b)—1‘|‘gn]
5. do algebra & rewrite, with expansion from w

1
2 Zzo‘n“myn]/mxﬂ X+ Z(C — Bn)Gn
—bZDényn - Z“n(gn —1)



Dual formulation for SVM

minmaxmax L (w, b, &, «
wbhE a>0 B>0 (w, 0,6, B)

L(w,b, ¢, B)= % |w||? +C) Cn—)_ Bnlu

_;“n[yn(w'xn+b)—1‘|‘gn]

6. rewrite with kernel

1
n n m



Dual formulation for SVM

L(w,b,
whd wS R Ll b P

L(w,b, ¢, B)= % |w||? +C) Cn—)_ Bnlu

_;“n[yn(w'xn+b)—1‘|‘gn]

U

min — L(a) = Zszn(xmynym X, X ) Z(xn

(44
n m

subj. to 0<a, <C



