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Recap from last time…



K-Means

Initialize k centers by picking 
k points randomly among all 
the points
Repeat till convergence (or 
max iterations)

Assign each point to 
the nearest center 
(assignment step)

Estimate the mean of 
each group (update 
step)

https://www.csee.umbc.edu/courses/graduate/678/spring18/kmeans/

k-means++ algorithm for initialization:
1. Chose one center uniformly at 

random among all the points
2. For each point x, compute D(x), 

the distance between x and the 
nearest center that has already 
been chosen

3. Chose one new data point at 
random as a new center, using a 
weighted probability distribution 
where a point x is chosen with a 
probability proportional to D(x)2

4. Repeat Steps 2 and 3 until k 
centers have been chosen

https://www.csee.umbc.edu/courses/graduate/678/spring18/kmeans/


Clustering Evaluation
(Classification: 

accuracy, recall, 
precision, F-score)

Greedy mapping: 
one-to-one

Optimistic mapping: 
many-to-one

Rigorous/information 
theoretic: V-measure completeness

= +
1, 𝐻 𝐾, 𝐶 = 0

1 −
𝐻 𝐾 𝐶
𝐻 𝐶 , o/w

homogeneity

= +
1, 𝐻 𝐾, 𝐶 = 0

1 −
𝐻 𝐶 𝐾
𝐻 𝐾

, o/w



Agglomerative: a “bottom 
up” approach where 

elements start as individual 
clusters and clusters are 
merged as one moves up 

the hierarchy

Divisive: a “top down” 
approach where elements 
start as a single cluster and 

clusters are split as one 
moves down the hierarchy

Hierarchical clustering
Agglomerative clustering:

First merge very similar 
instances
Incrementally build larger 
clusters out of smaller 
clusters

Algorithm:
Maintain a set of clusters
Initially, each instance in its 
own cluster
Repeat:

Pick the two “closest” 
clusters
Merge them into a new 
cluster
Stop when there’s only one 
cluster left



K-Nearest neighbor predictor

test data

(a, b) ?
lemon

(c, d) ?
apple

Take majority 
vote among the k 
nearest neighbors
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Learn non-linear classifiers by mapping features

Feature mapping



Contains all single and pairwise terms

Quadratic feature map



The dot product between feature maps of x and z is:

Compute φ(x)ᵀφ(z) in almost the same time as needed to compute xᵀz (one 
extra addition and multiplication)

We will rewrite various algorithms using only dot products (or kernel 
evaluations), and not explicit features

Quadratic kernel

quadratic kernel



Feature mapping
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sion using the features x, x2 and x3 (say) to obtain a cubic function. To
distinguish between these two sets of variables, we’ll call the “original” input
value the input attributes of a problem (in this case, x, the living area).
When that is mapped to some new set of quantities that are then passed to
the learning algorithm, we’ll call those new quantities the input features.
(Unfortunately, different authors use different terms to describe these two
things, but we’ll try to use this terminology consistently in these notes.) We
will also let φ denote the feature mapping, which maps from the attributes
to the features. For instance, in our example, we had

φ(x) =





x
x2

x3



 .

Rather than applying SVMs using the original input attributes x, we may
instead want to learn using some features φ(x). To do so, we simply need to
go over our previous algorithm, and replace x everywhere in it with φ(x).

Since the algorithm can be written entirely in terms of the inner prod-
ucts 〈x, z〉, this means that we would replace all those inner products with
〈φ(x),φ(z)〉. Specificically, given a feature mapping φ, we define the corre-
sponding Kernel to be

K(x, z) = φ(x)Tφ(z).

Then, everywhere we previously had 〈x, z〉 in our algorithm, we could simply
replace it with K(x, z), and our algorithm would now be learning using the
features φ.

Now, given φ, we could easily compute K(x, z) by finding φ(x) and φ(z)
and taking their inner product. But what’s more interesting is that often,
K(x, z) may be very inexpensive to calculate, even though φ(x) itself may
be very expensive to calculate (perhaps because it is an extremely high di-
mensional vector). In such settings, by using in our algorithm an efficient
way to calculate K(x, z), we can get SVMs to learn in the high dimensional
feature space space given by φ, but without ever having to explicitly find or
represent vectors φ(x).

Let’s see an example. Suppose x, z ∈ Rn, and consider

K(x, z) = (xT z)2. 15

We can also write this as

K(x, z) =

(

n
∑

i=1

xizi

)(

n
∑

j=1

xizi

)

=
n
∑

i=1

n
∑

j=1

xixjzizj

=
n
∑

i,j=1

(xixj)(zizj)

Thus, we see that K(x, z) = φ(x)Tφ(z), where the feature mapping φ is given
(shown here for the case of n = 3) by

φ(x) =





























x1x1

x1x2

x1x3

x2x1

x2x2

x2x3

x3x1

x3x2

x3x3





























.

Note that whereas calculating the high-dimensional φ(x) requires O(n2) time,
finding K(x, z) takes only O(n) time—linear in the dimension of the input
attributes.

For a related kernel, also consider

K(x, z) = (xT z + c)2

=
n
∑

i,j=1

(xixj)(zizj) +
n
∑

i=1

(
√
2cxi)(

√
2czi) + c2.

(Check this yourself.) This corresponds to the feature mapping (again shown
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Feature mapping

𝐾 𝑥, 𝑧 = 𝑥;𝑧 + 𝑐 >
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Computational
Suppose training time is linear in feature dimension, quadratic feature 
map squares the training time

Memory
Quadratic feature map squares the memory required to store the 
training data

Statistical
Quadratic feature mapping squares the number of parameters
For now lets assume that regularization will deal with overfitting

Drawbacks of feature mapping



Initialize 
for iter = 1,…,T

for i = 1,..,n
predict according to the current model

if               , no change
else, 

Perceptron revisited
Input: training data

feature map

dependence on φ

Obtained by 
replacing x by 

φ(x)



Linear algebra recap:
Let U be set of vectors in Rᴰ, i.e., U = {u1,u2, …, uD} and ui ∈ Rᴰ
Span(U) is the set of all vectors that can be represented as ∑ᵢaᵢuᵢ, such that 
aᵢ ∈ R 
Null(U) is everything that is left i.e., Rᴰ \ Span(U)

Properties of the weight vector

Perceptron representer theorem: During the run of the perceptron 
training algorithm, the weight vector w is always in the span of φ(x1), 
φ(x1), …, φ(xD)

updates



Perceptron Representer Theorem

Perceptron representer theorem: During the run of the perceptron 
training algorithm, the weight vector w is always in the span of φ(x1), 
φ(x1), …, φ(xD)

updates

Why? Weights are always computed from the training instance representations
Example 2: Incorrect à 𝑤 += 𝑦>𝜙(𝑥>)

Example 3: Correct à 𝑤 += 0 ∗ 𝑦O𝜙(𝑥O)
Example 4: Incorrect à 𝑤 += 𝑦P𝜙(𝑥P)



Initialize 
for iter = 1,…,T

for i = 1,..,n
predict according to the current model

if               , no change
else, 

Kernelized perceptron
Input: training data

feature map
Kernelized perceptron training algorithm

polynomial kernel of degree p



Initialize 
for iter = 1,…,T

for i = 1,..,n
predict according to the current model

if               , no change
else, 

Kernelized perceptron
Input: training data

feature map
Kernelized perceptron training algorithm

polynomial kernel of degree p

Upshot: Feature expansion for 
“free”



Repeat till convergence (or max iterations)
1. Assign each point to the nearest 
center (assignment step)
2. Estimate the mean of each group 
(update step)

Representer theorem is easy in (2)

What about (1)? How to compute                          
using dot products 

Kernel k-means



Kernel k-means

CIML, Ch 11 



Kernel Definition

A kernel is a mapping K: X xX →R

Functions that can be written as

dot products are valid kernels

Examples: polynomial kernel



Kernel Definition

A kernel is a mapping K: X xX →R

Functions that can be written as

dot products are valid kernels

Examples: polynomial kernel

Alternatively:
Mercer’s Conditions: A function K: X xX

→R is a kernel if K is positive semi-
definite (psd)

This means that for all functions f that 
are squared integrable except the zero 
function, the following property holds:



We can prove some properties about kernels that are otherwise hard to prove

Theorem: If K1 and K2 are kernels, then K1 + K2 is also a kernel
Proof:

More generally if K1, K2,…, Kn are kernels then ∑ᵢαi Ki with αi ≥ 0, is also a kernel
Can build new kernels by linearly combining existing kernels

Why is this characterization useful?



Feature mapping via kernels often 
improves performance
MNIST digits test error:

8.4% SVM linear
1.4% SVM RBF
1.1% SVM polynomial (d=4)

Kernels in practice

http://yann.lecun.com/exdb/mnist/



Kernels can be defined over any pair of inputs such as strings, trees and graphs!

For strings number of common substrings is a kernel
Graph kernels that measure graph similarity (e.g. number of common 
subgraphs) have been used to predict toxicity of chemical structures

Kernels over general structures

,K ( ) number of common
subtrees=

http://en.wikipedia.org/wiki/Tree_kernel



Kernel classifiers tradeoffs

Accuracy

Ev
al

ua
tio

n 
tim

e

Non-linear Kernel

Linear Kernel

Linear:            O (feature dimension)
Non Linear:   O (N X feature dimension)
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Picking a good hyperplane
Without other information, 

which hyperplane would you 
pick?



Picking a good hyperplane
Without other information, 

which hyperplane would you 
pick?



Maximize the distance to the nearest point (margin), 
while correctly classifying all the points

Support Vector Machines (SVMs)

margin



Optimization for SVMs
Separable case: hard margin SVM

separate by a non-trivial margin

maximize margin

(assuming y = +1 or y = -1)



x

w

Separable SVM Optimization



What if the data aren’t 
separable?

Support Vector Machines (SVMs)

margin



Optimization for SVMs
Separable case: hard margin SVM

separate by a non-trivial margin

maximize margin

Non-separable case: soft margin SVM

maximize margin minimize slack

allow some slack



Maximizing Margin = Minimizing norm

margin

• Hyperplane will lie 
halfway between 
closest positive and 
negative points

𝛿 𝑤 =
1
2
𝑑S − 𝑑C



Maximizing Margin = Minimizing norm

margin

• Hyperplane will lie 
halfway between 
closest positive and 
negative points

• Weights w must be 
unit normalized

𝛿 𝑤 =
1
2
𝑑S − 𝑑C



Maximizing Margin = Minimizing norm

margin



Equivalent optimization for SVMs
Separable case: hard margin SVM

Non-separable case: soft margin SVM

separate by a non-trivial margin

maximize margin

allow some slack

maximize margin minimize slack

squaring and half for convenience



Given weights + bias, can you derive the optimal slack for the nth example?

Slack variables
soft margin SVM



Given weights + bias, can you derive the optimal slack for the nth example?
= 0.8,      = ?
= -1 ,       = ?
= 2.5,      = ?

Slack variables
soft margin SVM



Given weights + bias, can you derive the optimal slack for the nth example?
= 0.8,      = ?
= -1 ,       = ?
= 2.5,      = ?

Slack variables
soft margin SVM

0.2
2.0
0



Given weights + bias, can you derive the optimal slack for the nth example?
= 0.8,      = ?
= -1 ,       = ?
= 2.5,      = ?

Slack variables
soft margin SVM

0.2
2.0
0



Given weights + bias, can you derive the optimal slack for the nth example?
= 0.8,      = ?
= -1 ,       = ?
= 2.5,      = ?

Slack variables
soft margin SVM

0.2
2.0
0

Same as hinge loss with squared norm regularization!



Slack variables

soft margin SVM

Same as hinge loss with squared norm regularization!



Support vectors

margin

Which points contribute 
to the loss?



Support vectors

margin

Which points contribute 
to the loss?



Under suitable conditions*, provided you pick the step sizes 
appropriately, the convergence rate of gradient descent is O(1/N)

i.e., if you want a solution within 0.001 of the optimal you have to run 
the gradient descent for N=1000 iterations.

For linear models (hinge/logistic/exponential loss) and squared-norm
regularization there are off-the-shelf solvers that are fast in practice: 
SVMperf , LIBLINEAR, PEGASOS

SVMperf , LIBLINEAR use a different optimization method

Optimization for linear models

* the function is strongly convex:
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Surrogate loss: replace Zero/one loss by a smooth function
Easier to optimize if the surrogate loss is convex

Reprise from earlier in the semester:
Convex surrogate loss functions

Courtesy Hamed Pirsiavash, CIML

T𝑦@



Gradient of Hinge Loss?

1
𝑧 = 𝑤;𝑥

U𝑦 = 𝑤;𝑥
ℓ 𝑦, U𝑦 = max{0, 1 − y𝑤;𝑥}

not 
differentiable 

at z=1



Subgradient is any direction that is below the function

Subgradient of Hinge Los

1

subgradient

𝑧 = 𝑤;𝑥

U𝑦 = 𝑤;𝑥
ℓ 𝑦, U𝑦 = max{0, 1 − y𝑤;𝑥}

not 
differentiable 

at z=1



Subgradient is any direction that is below the function
For the hinge loss a possible subgradient is:

Subgradient of Hinge Los

1

subgradient

𝑧 = 𝑤;𝑥

U𝑦 = 𝑤;𝑥
ℓ 𝑦, U𝑦 = max{0, 1 − y𝑤;𝑥}

not 
differentiable 

at z=1



Example: Hinge loss
objective



Example: Hinge loss
objective

subgradient



Example: Hinge loss
objective

update

subgradient



Example: Hinge loss
objective

regularization term

shrinks weights towards zero

loss term

only for points 

perceptron update 

update

subgradient
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Assume an original optimization problem

Lagrange multipliers

Predicting the motivations behind actions

Hamed Pirsiavash⇤ Carl Vondrick⇤ Antonio Torralba
Massachusetts Institute of Technology

{hpirsiav,vondrick,torralba}@mit.edu

October 1, 2015

min
x

x2

st. x � b

min
x

max
↵

L(x,↵)

st. ↵ � 0

L(x,↵) =x2 � ↵(x� b)

x < b ) (x� b) < 0 ) max
↵

�↵(x� b) = inf

x > b ) (x� b) > 0 ) max
↵

�↵(x� b) = 0,↵ = 0 ) L(x,↵) = x2

x = b ) (x� b) = 0 ) ↵ = any thing ) L(x,↵) = x2

min
x

max
↵

x2 � ↵(x� b)

st. ↵ � 0

⇤denotes equal contribution

1



Assume an original optimization problem
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Lagrange multipliers: an equivalent problem?
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SVM problem:

Let’s use Lagrange multipliers for the 
constraints:

Dual formulation for SVM

kernel methods 135

So far, you have seen two bsaic classes of kernels: polynomial
kernels (K(x, vz) = (1 + x · z)d), which includes the linear kernel
(K(x, z) = x · z) and RBF kernels (K(x, z) = exp[�g ||x � z||2]). The
former have a direct connection to feature expansion; the latter to
RBF networks. You also know how to combine kernels to get new
kernels by addition. In fact, you can do more than that: the product
of two kernels is also a kernel.

As far as a “library of kernels” goes, there are many. Polynomial
and RBF are by far the most popular. A commonly used, but techni-
cally invalid kernel, is the hyperbolic-tangent kernel, which mimics
the behavior of a two-layer neural network. It is defined as:

K(tanh) = tanh(1 + x · z) Warning: not psd (9.21)

A final example, which is not very common, but is nonetheless
interesting, is the all-subsets kernel. Suppose that your D features
are all binary: all take values 0 or 1. Let A ✓ {1, 2, . . . D} be a subset
of features, and let fA(x) =

V
d2A xd be the conjunction of all the

features in A. Let f(x) be a feature vector over all such As, so that
there are 2D features in the vector f. You can compute the kernel
associated with this feature mapping as:

K(subs)(x, z) = ’
d

⇣
1 + xdzd

⌘
(9.22)

Verifying the relationship between this kernel and the all-subsets
feature mapping is left as an exercise (but closely resembles the ex-
pansion for the quadratic kernel).

9.5 Support Vector Machines

Kernelization predated support vector machines, but SVMs are def-
initely the model that popularized the idea. Recall the definition of
the soft-margin SVM from Chapter 6.7 and in particular the opti-
mization problem (6.36), which attempts to balance a large margin
(small ||w||2) with a small loss (small xns, where xn is the slack on
the nth training example). This problem is repeated below:

min
w,b,x

1
2
||w||2 + C Â

n
xn (9.23)

subj. to yn (w · xn + b) � 1 � xn (8n)

xn � 0 (8n)

Previously, you optimized this by explicitly computing the slack
variables xn, given a solution to the decision boundary, w and b.
However, you are now an expert with using Lagrange multipliers

136 a course in machine learning

to optimize constrained problems! The overall goal is going to be to
rewrite the SVM optimization problem in a way that it no longer ex-
plicitly depends on the weights w and only depends on the examples
xn through kernel products.

There are 2N constraints in this optimization, one for each slack
constraint and one for the requirement that the slacks are non-
negative. Unlike the last time, these constraints are now inequalities,
which require a slightly different solution. First, you rewrite all the
inequalities so that they read as something � 0 and then add cor-
responding Lagrange multipliers. The main difference is that the
Lagrange multipliers are now constrained to be non-negative, and
their sign in the augmented objective function matters.

The second set of constraints is already in the proper form; the
first set can be rewritten as yn (w · xn + b)� 1 + xn � 0. You’re now
ready to construct the Lagrangian, using multipliers an for the first
set of constraints and bn for the second set.

L(w, b, x, a, b) =
1
2
||w||2 + C Â

n
xn � Â

n
bnxn (9.24)

� Â
n

an [yn (w · xn + b)� 1 + xn] (9.25)

The new optimization problem is:

min
w,b,x

max
a�0

max
b�0

L(w, b, x, a, b) (9.26)

The intuition is exactly the same as before. If you are able to find a
solution that satisfies the constraints (e.g., the purple term is prop-
erly non-negative), then the bns cannot do anything to “hurt” the
solution. On the other hand, if the purple term is negative, then the
corresponding bn can go to +•, breaking the solution.

You can solve this problem by taking gradients. This is a bit te-
dious, but and important step to realize how everything fits together.
Since your goal is to remove the dependence on w, the first step is to
take a gradient with respect to w, set it equal to zero, and solve for w
in terms of the other variables.

rwL = w � Â
n

anynxn = 0 () w = Â
n

anynxn (9.27)

At this point, you should immediately recognize a similarity to the
kernelized perceptron: the optimal weight vector takes exactly the
same form in both algorithms.

You can now take this new expression for w and plug it back in to
the expression for L, thus removing w from consideration. To avoid
subscript overloading, you should replace the n in the expression for
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You can now take this new expression for w and plug it back in to
the expression for L, thus removing w from consideration. To avoid
subscript overloading, you should replace the n in the expression for
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At this point, it’s convenient to rewrite these terms; be sure you un-
derstand where the following comes from:

L(b, x, a, b) =
1
2 Â

n
Â
m

anamynymxn · xm + Â
n
(C � bn)xn (9.30)

� Â
n

Â
m

anamynymxn · xm � Â
n

an (ynb � 1 + xn)

(9.31)

= �1
2 Â

n
Â
m

anamynymxn · xm + Â
n
(C � bn)xn (9.32)

�b Â
n

anyn � Â
n

an(xn � 1) (9.33)

Things are starting to look good: you’ve successfully removed the de-
pendence on w, and everything is now written in terms of dot prod-
ucts between input vectors! This might still be a difficult problem to
solve, so you need to continue and attempt to remove the remaining
variables b and x.

The derivative with respect to b is:

∂L
∂b

= �Â
n

anyn = 0 (9.34)

This doesn’t allow you to substitute b with something (as you did
with w), but it does mean that the fourth term (b Ân anyn) goes to
zero at the optimum.

The last of the original variables is xn; the derivatives in this case
look like:

∂L
∂xn

= C � bn � an () C � bn = an (9.35)

Again, this doesn’t allow you to substitute, but it does mean that you
can rewrite the second term, which as Ân(C � bn)xn as Ân anxn. This
then cancels with (most of) the final term. However, you need to be
careful to remember something. When we optimize, both an and bn

are constrained to be non-negative. What this means is that since we
are dropping b from the optimization, we need to ensure that an  C,
otherwise the corresponding b will need to be negative, which is not
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Since your goal is to remove the dependence on w, the first step is to
take a gradient with respect to w, set it equal to zero, and solve for w
in terms of the other variables.
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anynxn (9.27)

At this point, you should immediately recognize a similarity to the
kernelized perceptron: the optimal weight vector takes exactly the
same form in both algorithms.

You can now take this new expression for w and plug it back in to
the expression for L, thus removing w from consideration. To avoid
subscript overloading, you should replace the n in the expression for
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w with, say, m. This yields:
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At this point, it’s convenient to rewrite these terms; be sure you un-
derstand where the following comes from:
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Things are starting to look good: you’ve successfully removed the de-
pendence on w, and everything is now written in terms of dot prod-
ucts between input vectors! This might still be a difficult problem to
solve, so you need to continue and attempt to remove the remaining
variables b and x.

The derivative with respect to b is:

∂L
∂b

= �Â
n

anyn = 0 (9.34)

This doesn’t allow you to substitute b with something (as you did
with w), but it does mean that the fourth term (b Ân anyn) goes to
zero at the optimum.

The last of the original variables is xn; the derivatives in this case
look like:

∂L
∂xn

= C � bn � an () C � bn = an (9.35)

Again, this doesn’t allow you to substitute, but it does mean that you
can rewrite the second term, which as Ân(C � bn)xn as Ân anxn. This
then cancels with (most of) the final term. However, you need to be
careful to remember something. When we optimize, both an and bn

are constrained to be non-negative. What this means is that since we
are dropping b from the optimization, we need to ensure that an  C,
otherwise the corresponding b will need to be negative, which is not

at optima, this 
term is zero 
(eliminated)
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to optimize constrained problems! The overall goal is going to be to
rewrite the SVM optimization problem in a way that it no longer ex-
plicitly depends on the weights w and only depends on the examples
xn through kernel products.

There are 2N constraints in this optimization, one for each slack
constraint and one for the requirement that the slacks are non-
negative. Unlike the last time, these constraints are now inequalities,
which require a slightly different solution. First, you rewrite all the
inequalities so that they read as something � 0 and then add cor-
responding Lagrange multipliers. The main difference is that the
Lagrange multipliers are now constrained to be non-negative, and
their sign in the augmented objective function matters.

The second set of constraints is already in the proper form; the
first set can be rewritten as yn (w · xn + b)� 1 + xn � 0. You’re now
ready to construct the Lagrangian, using multipliers an for the first
set of constraints and bn for the second set.

L(w, b, x, a, b) =
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2
||w||2 + C Â

n
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n
bnxn (9.24)
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The new optimization problem is:

min
w,b,x

max
a�0

max
b�0

L(w, b, x, a, b) (9.26)

The intuition is exactly the same as before. If you are able to find a
solution that satisfies the constraints (e.g., the purple term is prop-
erly non-negative), then the bns cannot do anything to “hurt” the
solution. On the other hand, if the purple term is negative, then the
corresponding bn can go to +•, breaking the solution.

You can solve this problem by taking gradients. This is a bit te-
dious, but and important step to realize how everything fits together.
Since your goal is to remove the dependence on w, the first step is to
take a gradient with respect to w, set it equal to zero, and solve for w
in terms of the other variables.

rwL = w � Â
n

anynxn = 0 () w = Â
n

anynxn (9.27)

At this point, you should immediately recognize a similarity to the
kernelized perceptron: the optimal weight vector takes exactly the
same form in both algorithms.

You can now take this new expression for w and plug it back in to
the expression for L, thus removing w from consideration. To avoid
subscript overloading, you should replace the n in the expression for
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At this point, it’s convenient to rewrite these terms; be sure you un-
derstand where the following comes from:
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Things are starting to look good: you’ve successfully removed the de-
pendence on w, and everything is now written in terms of dot prod-
ucts between input vectors! This might still be a difficult problem to
solve, so you need to continue and attempt to remove the remaining
variables b and x.

The derivative with respect to b is:
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This doesn’t allow you to substitute b with something (as you did
with w), but it does mean that the fourth term (b Ân anyn) goes to
zero at the optimum.

The last of the original variables is xn; the derivatives in this case
look like:

∂L
∂xn

= C � bn � an () C � bn = an (9.35)

Again, this doesn’t allow you to substitute, but it does mean that you
can rewrite the second term, which as Ân(C � bn)xn as Ân anxn. This
then cancels with (most of) the final term. However, you need to be
careful to remember something. When we optimize, both an and bn

are constrained to be non-negative. What this means is that since we
are dropping b from the optimization, we need to ensure that an  C,
otherwise the corresponding b will need to be negative, which is not



5. do algebra & rewrite, with expansion from w

Dual formulation for SVM

136 a course in machine learning

to optimize constrained problems! The overall goal is going to be to
rewrite the SVM optimization problem in a way that it no longer ex-
plicitly depends on the weights w and only depends on the examples
xn through kernel products.

There are 2N constraints in this optimization, one for each slack
constraint and one for the requirement that the slacks are non-
negative. Unlike the last time, these constraints are now inequalities,
which require a slightly different solution. First, you rewrite all the
inequalities so that they read as something � 0 and then add cor-
responding Lagrange multipliers. The main difference is that the
Lagrange multipliers are now constrained to be non-negative, and
their sign in the augmented objective function matters.

The second set of constraints is already in the proper form; the
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erly non-negative), then the bns cannot do anything to “hurt” the
solution. On the other hand, if the purple term is negative, then the
corresponding bn can go to +•, breaking the solution.

You can solve this problem by taking gradients. This is a bit te-
dious, but and important step to realize how everything fits together.
Since your goal is to remove the dependence on w, the first step is to
take a gradient with respect to w, set it equal to zero, and solve for w
in terms of the other variables.

rwL = w � Â
n

anynxn = 0 () w = Â
n

anynxn (9.27)

At this point, you should immediately recognize a similarity to the
kernelized perceptron: the optimal weight vector takes exactly the
same form in both algorithms.

You can now take this new expression for w and plug it back in to
the expression for L, thus removing w from consideration. To avoid
subscript overloading, you should replace the n in the expression for
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At this point, it’s convenient to rewrite these terms; be sure you un-
derstand where the following comes from:
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Things are starting to look good: you’ve successfully removed the de-
pendence on w, and everything is now written in terms of dot prod-
ucts between input vectors! This might still be a difficult problem to
solve, so you need to continue and attempt to remove the remaining
variables b and x.

The derivative with respect to b is:
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This doesn’t allow you to substitute b with something (as you did
with w), but it does mean that the fourth term (b Ân anyn) goes to
zero at the optimum.

The last of the original variables is xn; the derivatives in this case
look like:

∂L
∂xn

= C � bn � an () C � bn = an (9.35)

Again, this doesn’t allow you to substitute, but it does mean that you
can rewrite the second term, which as Ân(C � bn)xn as Ân anxn. This
then cancels with (most of) the final term. However, you need to be
careful to remember something. When we optimize, both an and bn

are constrained to be non-negative. What this means is that since we
are dropping b from the optimization, we need to ensure that an  C,
otherwise the corresponding b will need to be negative, which is not
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to optimize constrained problems! The overall goal is going to be to
rewrite the SVM optimization problem in a way that it no longer ex-
plicitly depends on the weights w and only depends on the examples
xn through kernel products.

There are 2N constraints in this optimization, one for each slack
constraint and one for the requirement that the slacks are non-
negative. Unlike the last time, these constraints are now inequalities,
which require a slightly different solution. First, you rewrite all the
inequalities so that they read as something � 0 and then add cor-
responding Lagrange multipliers. The main difference is that the
Lagrange multipliers are now constrained to be non-negative, and
their sign in the augmented objective function matters.

The second set of constraints is already in the proper form; the
first set can be rewritten as yn (w · xn + b)� 1 + xn � 0. You’re now
ready to construct the Lagrangian, using multipliers an for the first
set of constraints and bn for the second set.

L(w, b, x, a, b) =
1
2
||w||2 + C Â

n
xn � Â

n
bnxn (9.24)

� Â
n

an [yn (w · xn + b)� 1 + xn] (9.25)

The new optimization problem is:

min
w,b,x

max
a�0
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b�0

L(w, b, x, a, b) (9.26)

The intuition is exactly the same as before. If you are able to find a
solution that satisfies the constraints (e.g., the purple term is prop-
erly non-negative), then the bns cannot do anything to “hurt” the
solution. On the other hand, if the purple term is negative, then the
corresponding bn can go to +•, breaking the solution.

You can solve this problem by taking gradients. This is a bit te-
dious, but and important step to realize how everything fits together.
Since your goal is to remove the dependence on w, the first step is to
take a gradient with respect to w, set it equal to zero, and solve for w
in terms of the other variables.

rwL = w � Â
n

anynxn = 0 () w = Â
n

anynxn (9.27)

At this point, you should immediately recognize a similarity to the
kernelized perceptron: the optimal weight vector takes exactly the
same form in both algorithms.

You can now take this new expression for w and plug it back in to
the expression for L, thus removing w from consideration. To avoid
subscript overloading, you should replace the n in the expression for
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allowed. You finally wind up with the following, where xn · xm has
been replaced by K(xn, xm):

L(a) = Â
n

an �
1
2 Â

n
Â
m

anamynymK(xn, xm) (9.36)

If you are comfortable with matrix notation, this has a very compact
form. Let 1 denote the N-dimensional vector of all 1s, let y denote
the vector of labels and let G be the N⇥N matrix, where Gn,m =

ynymK(xn, xm), then this has the following form:

L(a) = a>
1 � 1

2
a>

Ga (9.37)

The resulting optimization problem is to maximize L(a) as a function
of a, subject to the constraint that the ans are all non-negative and
less than C (because of the constraint added when removing the b

variables). Thus, your problem is:

min
a

� L(a) = 1
2 Â

n
Â
m

anamynymK(xn, xm)� Â
n

an (9.38)

subj. to 0  an  C (8n)

One way to solve this problem is gradient descent on a. The only
complication is making sure that the as satisfy the constraints. In
this case, you can use a projected gradient algorithm: after each
gradient update, you adjust your parameters to satisfy the constraints
by projecting them into the feasible region. In this case, the projection
is trivial: if, after a gradient step, any an < 0, simply set it to 0; if any
an > C, set it to C.

9.6 Understanding Support Vector Machines

The prior discussion involved quite a bit of math to derive a repre-
sentation of the support vector machine in terms of the Lagrange
variables. This mapping is actually sufficiently standard that every-
thing in it has a name. The original problem variables (w, b, x) are
called the primal variables; the Lagrange variables are called the
dual variables. The optimization problem that results after removing
all of the primal variables is called the dual problem.

A succinct way of saying what you’ve done is: you found that after
converting the SVM into its dual, it is possible to kernelize.

To understand SVMs, a first step is to peek into the dual formula-
tion, Eq (9.38). The objective has two terms: the first depends on the
data, and the second depends only on the dual variables. The first
thing to notice is that, because of the second term, the as “want” to
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corresponding bn can go to +•, breaking the solution.

You can solve this problem by taking gradients. This is a bit te-
dious, but and important step to realize how everything fits together.
Since your goal is to remove the dependence on w, the first step is to
take a gradient with respect to w, set it equal to zero, and solve for w
in terms of the other variables.

rwL = w � Â
n

anynxn = 0 () w = Â
n

anynxn (9.27)

At this point, you should immediately recognize a similarity to the
kernelized perceptron: the optimal weight vector takes exactly the
same form in both algorithms.

You can now take this new expression for w and plug it back in to
the expression for L, thus removing w from consideration. To avoid
subscript overloading, you should replace the n in the expression for
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allowed. You finally wind up with the following, where xn · xm has
been replaced by K(xn, xm):

L(a) = Â
n

an �
1
2 Â

n
Â
m

anamynymK(xn, xm) (9.36)

If you are comfortable with matrix notation, this has a very compact
form. Let 1 denote the N-dimensional vector of all 1s, let y denote
the vector of labels and let G be the N⇥N matrix, where Gn,m =

ynymK(xn, xm), then this has the following form:

L(a) = a>
1 � 1

2
a>

Ga (9.37)

The resulting optimization problem is to maximize L(a) as a function
of a, subject to the constraint that the ans are all non-negative and
less than C (because of the constraint added when removing the b

variables). Thus, your problem is:

min
a

� L(a) = 1
2 Â

n
Â
m

anamynymK(xn, xm)� Â
n

an (9.38)

subj. to 0  an  C (8n)

One way to solve this problem is gradient descent on a. The only
complication is making sure that the as satisfy the constraints. In
this case, you can use a projected gradient algorithm: after each
gradient update, you adjust your parameters to satisfy the constraints
by projecting them into the feasible region. In this case, the projection
is trivial: if, after a gradient step, any an < 0, simply set it to 0; if any
an > C, set it to C.

9.6 Understanding Support Vector Machines

The prior discussion involved quite a bit of math to derive a repre-
sentation of the support vector machine in terms of the Lagrange
variables. This mapping is actually sufficiently standard that every-
thing in it has a name. The original problem variables (w, b, x) are
called the primal variables; the Lagrange variables are called the
dual variables. The optimization problem that results after removing
all of the primal variables is called the dual problem.

A succinct way of saying what you’ve done is: you found that after
converting the SVM into its dual, it is possible to kernelize.

To understand SVMs, a first step is to peek into the dual formula-
tion, Eq (9.38). The objective has two terms: the first depends on the
data, and the second depends only on the dual variables. The first
thing to notice is that, because of the second term, the as “want” to


