Maximum Entropy Models/
Logistic Regression



Recap from last time...



Central Question: How Well Are We Doing?

* Precision, ]
Recall, F1 This does

* Accuracy not have to
* Log-loss

Classification . ROC-AUC be the same
. . thing as the

loss

* (Root) Mean Square Error ]
e Mean Absolute Error function

you
optimize

Regression

Clustering

e Mutual Information
e \/-score

the task: what kind
of problem are you
solving?






We've only developed binary
classifiers so far...

Option 1: Develop a multi-
class version

Option 2: Build a one-vs-all
(OvA) classifier

Option 3: Build an all-vs-all
(AvA) classifier

(there can be others)




Some Classification Metrics

Different ways of

Accurac
Y averaging in a

TIr Clde-f?ff and o multi-class & multi-
weight Precision label setting
(’ Recall
AUC (Area Under Curve)
1

e =

#

® O o
H H
H H

Confusion Matrix ;



Outline

Log-Linear (Maximum Entropy) Models
Basic Modeling

Connections to other techniques (“... by
any other name...”)

Objective to optimize
Regularization



Maximum Entropy (Log-linear) Models

p(y | x) < exp(0” f(x,¥))

“model the posterior probabilities
of the K classes via linear functions
in B, while at the same time
ensuring that they sum to one and
remain in [0, 1]” ~ Ch 4.4

Trevor Hastie
Robert Tibshirani
Jerome Friedman

Data Mining, Inference, and Prediction




Document Classification

Three people have been
fatally shot, and five
people, including a mayor,
were seriously wounded
as a result of a Shining
Path attack today against a
community in Junin
department, central
Peruvian mountain region.

Observed document

ATTACK

Label







Document Classification

fatally s‘Fnot, ................................... %ATTAC K

—————— ~~~~ ’,
seriouslywounded _ — _ _ T==7~ /.'l
Shining - - f/
Path attagk -7 /
Winiht == 7 B 7

©« R

there could be many relevant clues




Features

The “clues” that help our system f (B, ATTACK)
make its decision £ | (B, ATTack)
f , (B, ArTack)
Apply a vector of features k
(B, ATTACK)

fBy)=0HGEY) ... k(EY)
to a given document B and

possible label y



Features

The “clues” that help our system
make its decision

Apply a vector of features

f , (B, ArTack)
f(r y) — (fl(’ }7); ""fK(’ y)) f (B, Artack)
to a given document 2 and ' k
possible label y f : (8, ATTACK)
f , (B, AtTack)

Each feature function f; can take
any real value:

binary
count-based
likelihood



Features

The “clues” that help our system
make its decision

Apply a vector of features

fEy) =Gy a  fr (B }’)) to
a given document = and possible
label y

Each feature function f; can take any
real value:

binary
count-based
likelihood

Features that don’t “fire” don’t apply
to the pair

fk(Jy) =0

(B, ArTack)
(B, ArTack)

(B, ArTack)
(B, AtTack)



Features:
Score and Combine Our Possibilities

efatally shot, (/ ATTACK)
define for eseriously wounded, (; ATTACK)
each key
i) eShining Path, (r ATTACK)

clue...

01200y cat, (B, ArTack)

Remember: each
0,, (5,y)is actually
computed as

6., *f, (BY)



Features:

Score and Combine Our Possibilities
| .ondforeachlabel

efataIIy shot, ATTACK(I ATTACK) efatally shot, TECH(I ATTACK)

defir;ekfor eseriously wounded, ATTACK(; ATTACK) eseriously wounded, TECH(; ATTACK)
each key

phrase/ Oshining path, armack(E, ATTACK) Oshining path, Tec(E, ATTACK)

clue...

ehappy cat, ATTACK(; ATTACK) ehappy cat, TECH(; ATTACK)

Remember: each
0, (5,y)is actually
computed as

eW, / *fw, I(/y)



Features:

Score and Combine Our Possibilities
| .ondforeachlabel

efataIIy shot, ATTACK(I ATTACK) efatally shot, TECH(I ATTACK)

defir;ekfor eseriously wounded, ATTACK(; ATTACK) eseriously wounded, TECH(; ATTACK)
each key

pZZZse/ Ociining path, artack(B, ATTACK) Ocining path, recu( B, ATTACK)
ehappy cat, ATTACK(; ATTACK) ehappy cat, TECH(; ATTACK)
Remember: each Not all of these will be relevant

0, (5,y)is actually
computed as

eVV,/*.th/,/(/y)



Features:

Score and Combine Our Possibilities
| .andforeachlabel

efataIIy shot, ATTACK(I ATTACK) efatally shot, TECH(I ATTACK)

defir;ekfor eseriously wounded, ATTACK(; ATTACK) eseriously wounded, TECH(; ATTACK)
each key

phrase/ Ochining path, arrack(B, ATTACK) Ochining path, TecH (B, ATTACK)

clue...

ehappy cat, ATTACK(; ATTACK) ehappy cat, TECH(; ATTACK)

Remember: each : “ ”
. Each of these scored features describes how “good” a
0., (5,y) is actually

computed as particular phrase is for a given document type if the
0, *f., (By) provided document document £ has a proposed type



Score and Combine Our Possibilities

Shortcut notation: focus only
on the features that “fire”

0,(fatally shot, ATTACK)

0,(seriously wounded, ATTACK)
0 ;(Shining Path, ATTACK)

Weight each of these: score
how “important” each feature
(clue) is

Q: How many features
are there?

A: As many as you want
there to be (but be
careful of
underfitting/overfitting)




Score and Combine Our Possibilities

0, (fatally shot, ATTack) COMBINE .
posterior
0,(seriously wounded, ATTACK) ‘ orobability of
0 ;(Shining Path, ATTACK) ATTACK

Weight each of these: score
how “important” each feature
(clue) is



Scoring Our Possibilities

Three people have been fatally
shot, and five people, including a
mayor, were seriously wounded as

a result of a Shining Path attack —
S C O re ( today against a community in , ATTACK ) —
Junin department, central
Peruvian mountain region .

0,(fatally shot, ATTACK) o

0,(seriously wounded, ATTack) o
05(Shining Path, ATTACK) L

our linear regression model




Maxent Modeling

Three people have been fatally

shot, and five people, including

a mayor, were seriously
wounded as a result of a

ATTACK Shining Path attack today m

against a community in Junin

department, central Peruvian
mountain region .

Three people have been fatally
shot, and five people, including a
mayor, were seriously wounded

S NAP ( SC O | o ssanacommunny , ATTACK

in Junin department, central
Peruvian mountain region .




What function...

operates on any real number?

is never less than 07?



What function...

operates on any real number?

is never less than 07?




Maxent Modeling

Three people have been fatally
shot, and five people, including
a mayor, were seriously
wounded as a result of a
ATTACK Shining Path attack today
against a community in Junin
department, central Peruvian
mountain region .

Three people have been fatally
shot, and five people, including a
mayor, were seriously wounded

as a result of a Shining Path
e X S ‘ O r e attack today against a community ATTAC K
in Junin department, central ,

Peruvian mountain region .




Maxent Modeling

Three people have been fatally

shot, and five people, including

a mayor, were seriously
wounded as a result of a

ATTACK Shining Path attack today m

against a community in Junin

department, central Peruvian
mountain region .

0, (fatally shot, ATTACK) s
eX p ( 0,(seriously wounded, ATTACK) s
05(Shining Path, ArTAck) L

this is assuming binary features, but
they don’t have to be



Maxent Modeling

Three people have been fatally
shot, and five people, including
a mayor, were seriously
wounded as a result of a
ATTACK Shining Path attack today m
against a community in Junin

department, central Peruvian
mountain region .

weight, « f,(fatally shot, ATTACK)

+
eX p ( weight, « f,(seriously wounded, Attack) o ) )
+

weight; « f3(Shining Path, ArTack)



Q: How do we define Z?




Normalization for Classification

7 =

weight, « f,(fatally shot, v) L
z exp( weight, « f,(seriously wounded, v) o )

weight; « f3(Shining Path, Y) L
label Y e



Q: What if none of our features apply?



Guiding Principle for Maximum
Entropy Models

“[The log-linear estimate]

is the least biased

estimate possible on the

given information; i.e., it is exp(0- f) =»
maximally noncommittal exp(6- 0) = 1
with regard to missing

information.”
Edwin T. Jaynes, 1957




https://www.csee.umbc.edu/courses/graduate/678/spring19/loglin-tutorial

Lesson 1: Basic Feature Design


https://www.csee.umbc.edu/courses/graduate/678/spring19/loglin-tutorial

Ingredients for classification

Inject your knowledge into a learning system

Training data:

Feature representation Model
P labeled examples



Ingredients for classification

Inject your knowledge into a learning system

Problem specific

Difficult to learn from bad
ones

Training data:

Feature representation Model
P labeled examples



What features would you extract to...

distinguish a picture of me from a picture of someone else?
determine whether a sentence is grammatical or not?

distinguish cancerous cells from normal cells?



Outline

Log-Linear (Maximum Entropy) Models
Basic Modeling

Connections to other techniques (“... by
any other name...”)

Objective to optimize
Regularization



Connections to Other Techniques

Log-Linear Models



Connections to Other Techniques

Log-Linear Models
(Multinomial) logistic regression

as statistical
regression

Softmax regression



“Solution” 1: A Simple Probabilistic (Linea4™) Classifier

decision rule:
)0, ow'x;+b)<.5
YiT )y, o(Wr'x; + b) = .5

turn responses
into probabilities

minimize poerior 0-1 loss:

1
l+e™?

Sigmoid Function o(z) =

min ) Eg[1lyp(; = 1) < 0])
[

max ZP@- = yilxi)
L

10 5 zzszgmas 5 10 Why MAP
classifiers are
reasonable

Plot from https://towardsdatascience.com/multi-layer-neural-networks-with-sigmoid-function-deep-learning-for-rookies-2-bf464f09eb7f *linear not strictly required




Connections to Other Techniques

Log-Linear Models
(Multinomial) logistic regression

as statistical
regression

Softmax regression

based in

information theory IM@Ximum Entropy models (MaxEnt)



Connections to Other Techniques

Log-Linear Models
(Multinomial) logistic regression

as statistical
regression

Softmax regression

based in

information theory IM@Ximum Entropy models (MaxEnt)

a form of Generalized Linear Models



Generalized Linear Models

yzzekxk+b
k

the can be a general (transformed) version of another response



Generalized Linear Models

yzzekxk+b
k

the can be a general (transformed) version of another response

logp(x =1)
logp(x = K)

logistic regression

= Z 0. f (2, 0) + b
k



Connections to Other Techniques

Log-Linear Models
(Multinomial) logistic regression

as statistical
regression

Softmax regression
based in .

information theory IM@Ximum Entropy models (MaxEnt)
aformof  Generalized Linear Models

viewedas  Discriminative Nailve Bayes



Connections to Other Techniques

Log-Linear Models
(Multinomial) logistic regression

as statistical
regression

Softmax regression

based in

information theory IM@Ximum Entropy models (MaxEnt)
aformof  Generalized Linear Models

viewedas  Discriminative Nailve Bayes

to be cool

today Very shallow (sigmoidal) neural nets



Outline

Log-Linear (Maximum Entropy) Models
Basic Modeling

Connections to other techniques (“... by
any other name...”)

Objective to optimize
Regularization



Version 1: Minimize Cross Entropy Loss

loss uses y (random
variable), or model’s
probabilities £X¢"(y*, p(y))

pxent(y¥ y) = — 2 y*[k]logp(y = k)
k

o)
. L 0 minimize xent loss =2
index of “1 - . .
indicates -+ maximize log-likelihood (A2, Q2)
correct value \)
0

objective is convex

one-hot
vector



Version 2: Maximize (Full/Log)
Likelihood

Tf(

| | Po (Vilx;) < | | exp(0” f(x;, 1))
l l

These values can have very Differentiating this

small magnitude =» underflow product could be a pain



Version 2: Maximize Log-Likelihood

Wide range of (negative) numbers

Sums are more stable

log 1_[ po(Vilx;) = z log po (yilx;)
i i



Version 2: Maximize Log-Likelihood

Wide range of (negative) numbers

Sums are more stable

log 1_[ po(Vilx;) = z log po (yilx;)
i i

= z 0" f (x;,y;) — log Z (x;)
i '

|

Differentiating this
becomes nicer (even
though Z depends on 0)




Log-Likelihood Gradient

Each component k is the difference
between:



Log-Likelihood Gradient

Each component k is the difference
between:

the total valug .of feature f, in the Z Fi(zs, vi)
training data Z.



Log-Likelihood Gradient

Each component k is the difference
between:

the total value of feature f, in the E fk;(iU y)
(3 2
training data - ’

and

thinks it computes for feature f,

“Moment Matchi ng” Al Q4, Eq-l (what were the feature functions) ?

the total value the current model /
o N Eplf (1Y)
i




https://www.csee.umbc.edu/courses/graduate/678/spring19/loglin-tutorial

Lesson 6: Gradient Optimization


https://www.csee.umbc.edu/courses/graduate/678/spring19/loglin-tutorial

Log-Likelihood Gradient Derivation

7oF(8) = Vo ) 67 f(xi,y1) — log Z(x))

l



Log-Likelihood Gradient Derivation

7oF(6) = Vo ) [67f(xi,y1) — log Z(x))

= Vg Zf(xi’yi) — f

Z(x;) = Z exp(0 - f(x;,y"))

yl



Log-Likelihood Gradient Derivation

f(x;,y;) —log Z(x;)

exp(67f (xi,y") ,
(£ Gy —ZyZ oY)

T

scalar p(y’ | x)

Tlog g (h(0) = (572 (30)
_O J—
09 059 an(6)) \ag vector of functions

use the (calculus) chain rule




Log-Likelihood Gradient Derivation

7oF(8) = Vo ) 67 f(xi,y1) — log Z(x))

~ exp(07f (x;,y")) ,
= 7, Zf(xi,yi) - ZyZ o @)

Do we want these to fully match?
What does it mean if they do?

What if we have missing values in our data?



Outline

Log-Linear (Maximum Entropy) Models
Basic Modeling

Connections to other techniques (“... by
any other name...”)

Objective to optimize
Regularization



Weight regularization R(w)

Nice if R(w) is convex
Small weights regularization

R(norm) \/Z wd R(sqrd) Z wd

Sparsity regularization

R(count) (w) — Z 1{|wg| > 0] not convex

Family of “p-norm” regularization

1/p
R(p norm) (Z |wd|p) p=1

:0<p<1



Contours of p-norms
lIxll;

T ‘
el = 3"l O >
1i=1 \ ‘

(0

n /\ ‘
|2 = \Z | 2|2 kJ >
1=1

- examine
of surfaces to
determine effect on
the regularized
parameters

|zllc = max |z

v

http://en.wikipedia.org/wiki/Lp space




Contours of p-norms

examine
9 of to
P=3 determine effect on
the regularized
parameters

Counting non-zeros:

R(count)(w) _ Z 1[|wg| > O]
d

http://en.wikipedia.org/wiki/Lp space




A Simple Regularized Linear Classifier

r
0, wix;<0

decision rule: §; = ¢
l
1, wix;>0

\

loss function: € = 1[y;wx; < 0]

hyperparameter

1
min Z 1y, wix, < 0]+ AR(w)

N

fewest mistakes  regularize toward
on training a simpler model



https://www.csee.umbc.edu/courses/graduate/678/spring19/loglin-tutorial

Lesson 8: Regularization

Charge e dee
e b

bagadarsanan
® sore

N TN


https://www.csee.umbc.edu/courses/graduate/678/spring19/loglin-tutorial

Understanding Conditioning

p(y | x) < exp(6 - f(x))

Is this a good posterior classifier? (no)



https://www.csee.umbc.edu/courses/graduate/678/spring19/loglin-tutorial

Lesson 11: Global vs. Conditional Modeling

Crarge e dota
. b

® o

T Temeege


https://www.csee.umbc.edu/courses/graduate/678/spring19/loglin-tutorial

Connections to Other Techniques

Log-Linear Models
(Multinomial) logistic regression

as statistical

egression — Softmax regression

inforr:?)iieodni:heory Maximum Entropy models (MaxEnt)
aformof  Generalized Linear Models
viewedas  Discriminative Nailve Bayes

b | . .
oy Very shallow (sigmoidal) neural nets



Outline

Log-Linear (Maximum Entropy) Models
Basic Modeling

Connections to other techniques (“... by
any other name...”)

Objective to optimize
Regularization



